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Appendix A Proof of Proposition 1

Suppose &; = B~ lu; satisfies Assumption 1, and assume that A in (11) solves the moment
conditions (12)—(15). Letting Q = AB, and using ¢; = B~ 'u;, the unmixed innovations in
(11) can be expressed as

= Auy = Qe (A1)

Now we are ready to show that if the conditions (12)—(15) (together with Assumption 1) are
satisfied, then there exists a signed permutation matrix P such that () = P. This together
with Q = AB implies that e; = Pe; and A = PB~!, and hence, B is globally identified up
to signs and permutation of its columns (i.e., the structural shocks can be recovered from
the estimated reduced form errors, but their signs and order remain unknown).

First, notice that conditions (12) and (13) together with (AJ)) and Assumption 1 im-
ply that @ is orthogonal: I = E(eie)) = QF(ge,)Q" = QQ'. The rest of the proof is
straightforward and relies on the following results derived in Supplementary [Appendix F}

E( zte - 1= ZszQ]kPk P> ] (AQ)

n

E(egee) Z Q@i =0, i#]. (A.3)

where we denote by I'; = E(e},) — 3 the excess kurtosis of the structural shocks ey, i =
1,...,n, and Q;; are the (i, j)-elements, 7,7 = 1,...,n, of @ in (AT).
Now, based on (A2)) and (A3]), conditions (14) and (15) yield

Q%l@glrl + Q%2Q§2F2 =0, (A-4)
Q11Q21T1 + Q7,Q2T = 0. (A.5)

According to Assumption 1(iv) at most one component of ¢; has zero excess kurtosis.
Suppose first that both I'; and I'y are different from zero (i.e., both shocks have nonzero
excess kurtosis). Then, multiplying (A4) by Q1; and (AJF) by Q1 and subtracting the

first resulting equation from the second yields

Q220Q7(Q21Q12 — Q11Q22)'2 = 0. (A.6)
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Therefore, if both Q92 and Q)15 are different from zero, we have

R21GQ12 = Q11Q2. (A.7)

This implies that det(Q) = 0 but ) was shown to be orthogonal, a contradiction. Thus,
either Q12 or Q99 is zero (they cannot both be zero because @ is orthogonal).

Suppose (12 = 0, then the orthogonality of () implies

00 = Qh Q1 Q2 _ Lo | (AS)
QuQa Q3+ Q3 0 1

which yields Q3 =1, Q11Q21 = 0, and Q3; + Q3, = 1. Therefore,

1 0
Q= , (A.9)
0 +1

a signed permutation matrix. Similarly, if Q22 = 0, we have

0 =1
Q- , (A.10)
+1 0

also a signed permutation matrix. As already discussed, this together with ) = AB
implies that e, = Pe; and A = PB~!, and hence, B is globally identified up to sign and
permutation of its columns.

Suppose now that I'y = 0 (i.e., £1; has zero excess kurtosis) and I'y # 0. Then for (A.4)
(and ([A.5)) to hold, either Q15 or Q92 must be zero (they cannot both be zero because @
is orthogonal). If Q15 = 0, by the orthogonality of @, @ is given by (A.9), and if Qs = 0,
for the same reason, ) is given by (A.I0). Hence ) = P implying that ¢, = Pe; and
A= PB~!. Similarly, if 'y = 0 and I'; # 0, then (A4) and ([AF) imply that either Qy; or
()11 must be zero. Using the same arguments as above, we have that in the former case @)
is given by ([A9) and in the latter by (A.IQ), and therefore Q = P.

Finally, if Assumption 1(iv) does not hold, so that both e; and ey have zero excess
kurtosis (I'y = 'y = 0), equations (A.4]) and ([A.D]) are satisfied for any choice of (). Thus,
the structural errors ; cannot be expressed as a unique linear combination of the reduced-

form errors ;.



Appendix B Proof of Proposition 2

Suppose that &, = B~ lu; satisfies Assumption 2, and assume that A in (11) solves the
moment conditions (16)—(18). Then, by conditions (16) and (17), and using e; = Qe; (see
(A1) in[Appendix A)) and Assumptions 2(iz)—(iii), we obtain I = E(ece;) = QE(g€})Q’ =
QQ). That is, () is orthogonal.

From (A.2)) in [Appendix A] condition (18) yields

E( zte —1= ZszQ]kPk i 7é] (B]')

where we use the fact that E(eje3,) = E(e}e;;). By Assumption 2(iv) at most one com-

ponent of €, has zero excess kurtosis, while the excess kurtosis of each of the remaining
n — 1 components has the same sign (i.e., these n — 1 shocks are all either leptokurtic or
platykurtic).

Suppose first that all the shocks have positive (negative) excess kurtosis: I'y > 0 (I'y <
0) for all k = 1,...,n. Then, by (B it must be that

Q%0% =0. ijk=1,..n (B.2)

This means that each column of () has at most one nonzero element. Thus, by the or-
thogonality of @), each column of () has exactly one nonzero element, and for the same
reason each row of () has exactly one nonzero element equal to £1. Thus, ) = P, a signed
permutation matrix.

Suppose next that only one component of &, say, e, has zero excess kurtosis (i.e., I'; = 0,
1 <1 <n). Then, by (B), Q% k =0 foralli,j,k =1,...,n, k # [, and therefore we
know that each column of () except the [th has at most one nonzero element. By the
orthogonality of @, it thus follows that @y, the kth column of @, (k = 1,...,n, k # 1)
has exactly one nonzero element equal to £1. Similarly, because of the orthogonality of @),
QiQ; =0 (i # j), and hence the n x (n — 1) matrix ()_;, obtained by dropping @); from @,
has exactly one zero row, and each of its remaining rows has exactly one nonzero element
equal to £1. Therefore, from Q;.Q; = 0 for k = 1,...,n, k # [, it follows that @); has at
most one nonzero element (corresponding to the zero row of Q)_;), and as Q;Q; = 1, this

element must equal £1. Thus, () = P, a signed permutation matrix.
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Finally, it is important to realize that additional asymmetric co-kurtosis conditions of
the form F(ele;) =0 (i # j) do not destroy the global identification result. Since @ is a
signed permutation matrix under Assumption 2, either Q);; or )j; must equal zero for all

1,7,k =1,...,n, and this is exactly what is required for

E(ejes) = Z QQiTr =0, i#j,

k=1

to hold as well.



Appendix C Second-order local identification of B

We consider 6 = vec(A) that is more convenient to work with than ¥ = vec(B). Recall that
A = PB™! where P is a signed (nxn) permutation matrix. We begin by showing that first-
order local identification fails. The necessary condition for first-order local identification of
B is that the expectation of the Jacobian matrix E[Jr(6)], evaluated at 6y, the true value
of 6, has full column rank k. Thus, we need to show that, for 8, the row vector of k = n?
parameters to be estimated, and f (u, 6y) the vector of population moment conditions
(16)—(18), rank(E [0 f (ut, 0p)/00']) < k. Because the row rank equals the column rank of a
square matrix, it suffices to show that some rows of M (6y) = E[0f (u, 0y)/00'] are linearly
dependent. The n? x n? matrix M () is obtained by stacking the n components of the
form (CI)), the n(n — 1)/2 components of the form (C.2)), and n(n — 1)/2 components of

the form (C3):

Oe?
E i =2(b, @ (! =1,... C.1
89/ 6:6()] ( 02 ® L2)> ? ) , 1L, ( )
0 ity / / / / . .
E | =Lt = (bp; ® ;) + (by; ® ¢3), i >4, (C.2)
00’ =8,
He2 e
i =2ty ® 1) +2(by; ® 1), P>, (C.3)
00 =0,

where i,j € {1,...,n}, ¢; is the ith column of the n x n identity matrix, and by; is the ith
column of By, the true value of B, (expressions (C.I)—(C.3)) are derived in Supplementary
Appendix G]). It can clearly be seen that any of the rows given by (C.3)) is obtained as a
sum of two rows given by (CIJ), and hence the Jacobian matrix is of reduced rank.

We now show that although local identification fails at the first order, it holds at the
second order. To this end, we let m(0) = E[f(uy, 0)] and

0 fi(us, 0)

M (60) = E 000"

. k=1,2,....n% (C.4)
6=0¢

where fi(ut, 0) is the kth element of f(u¢, #). Second-order local identification is defined as

follows (adapted from Dovonon and Hall (2018)):



Definition 1. The moment condition m(0) = 0 locally identifies 0y up to the second order

if :
(a) m(bh) =0

(b) for all u in the range of M(0y)" and all v in the null space of M(6y), we have:

(M(eo)u + (o' M2(Bo)) - o) = (u=uv=0). (C.5)

1<k<n?
Notice first that if v = 0, then by the sufficient condition in (C.3)), u must be in the null
space of M (0y): M(6y)u = 0. On the other hand, the null space of M (6,) is the orthogonal
complement of the column space (range) of M(6y)" (see, for example, the result (2.37) in
Seber (2007)). Thus, w is in both the range and the null space of M (6,)’, which means that
it must be 0. Therefore, it suffices to show that v = 0 for all u in the range of M(6,)".
To show this, we first introduce the second-order derivatives M?(6y) of the moment

conditions (16)—(18) whose derivation is deferred to Supplementary [Appendix G} The n? x

n? matrices M?(6y) are given by

%€,
p| 2o — ABoBY) @ (1), i=1,....m, (C.6)
2000 |,._,, 0
826it6]‘t / / ’ . R
E 2000' |,_, = (BoBy) ® (1ith +eje5) 1> 4, 4,5 =1,...,n, (C.7)

D%e2e?
E it gt
[ 0000’

] = 2(BoZ;By) @ (uit;) + 2(BoZiBy) @ (15¢5)
6=0¢

+A(ByYiyBy) @ (it + 1), i>4 i j=1,....n,  (C8)

with Z; = E[e(g})] and T, ; = Elequc;i(eie))].

Because all n? equations in ((C.H) must hold for all v in the null space of M (6y), we use
only some of them to show that if they hold (and v is in the null space of M(6y)), then
v must be a zero vector. In particular, the equations in (C.H) we have in mind, are the

ones associated with (C.6) and (C.8) (and (CI) and (C3))), and we use (C.6]) (and (C.I))

multiple times.



We begin by substituting (CI]) for ¢ and j and (C3)) for ¢,7 (i,7 =1,...,n, j <1i) into

(CH), and subtracting the first two rows of the resulting expression from its third row:

2(b; @ v + b @ )u — 2(b; @ 1) — 2(b @ L )u

0%eze? 0%e? 0%
ans it gt _E it _ B Jt
i 000 |, [8989’ . 9000 |,y || *
D?%e’e? ] 0?e? ] 0] ]
—J |E it gt _E it _E Jt -0
! 900 |5y, 000 |,_y,| 9000 |y, | | 0. (©9)
Substituting (C.6]) and (C.g)) into (C.9)) yields
20" [(Bo(Ej = 1n)By) @ (tit)] v
+ 20" [(Bo(E; — 1) B)) @ (155)] v
+ 47)/ [(B()TZ,]B(/)> X (LZ'L;- + ijé)] v=0. (ClO)

By Assumption 2(ii) that the components of the error term &, have no excess co-kurtosis,
Z; is a (n x n) diagonal matrix with E(e},) in the ith diagonal position and ones elsewhere
in the diagonal. Therefore, we have =; — I,, = (E(e},) — 1)(;¢}). Using this result with
Bot; = bo;, ([CI0) can be expressed as

2(E(ej,) — 1o/ [(bojby;) ® (ati)] v

jt
+2(B(ej) — 1)v" [(boidly) © (15¢5)] v
+ 40" [(BoYi;B)) ® (1t + 1505)] v = 0. (C.11)

Again, by Assumption 2(7) that the components of the error term e; have no excess co-
kurtosis, a typical element E(e;cjienen) (i > j, 4,7, k, 1 =1,...,n) of the (n x n) matrix
T,;is1 wheni =k, j=101#kori=1j=k # [ and zero otherwise. As a result,
Ti; = tit; + 155, and the last term on the left hand side of (C.II]) becomes

4’ [(BOTZ-,]-B(’)) ® (13t + ijg)} v =4v [(bol-b{)j + bosbg;) @ (eit; + le/;)] v
= 40'[(boi ® 1) (bg; ® 1) + (boi ® 1) (b; ® 1)
+ (boj ® 1) (b ® 1) + (boj & ) (b @ ¢7)]v
= 40" [(bo; ® 1) (b); @ 1) + (bo; @ 1) (by; ® )] v, (C.12)



where in the last equality we use v'(by; @ ¢;) = 0 (recall that v is in the null space of M (6y),
i.e., M(0o)v =0, and cf. (C.I])). By adding and subtracting the term 4[(bo; ® ¢;)(by; ® ¢;) +
(boi @ 1) (bg; @ )], we have

4 [(boi ® 1) (by; @ 17) + (boy @ 1) (b © 1)] = 4(boi @ ¢ + boj ® 1) (boi ® 1 + bo; ® 13
— (b(]j & Lz)(béj & L;) - (bOZ ® LJ)(bé]z ® L;)]

Substituting the above into (C.I2), and using v'(by; ® tj 4+ by; ® ;) = 0 (recall again that v
is in the null space of M (6y)), and cf. (C.2)) yields

41)/ [(B()TZJBS) ® (LZ'L;- + LjL;)] v = —41)/ [(bOj ® LZ)(bIOJ ® L;) + (b(]l ® L])(bgz ® L;):| v
= 40" [(bojbhy) @ (eitg) + (boibly) @ (1505)] v, (C.13)

Substituting (C.13) into (C.1Il), we obtain
2(E(gj,) — 3)v" [(bosbl,) @ (tits)] v+ 2(E(e},) — 3)v" [(boibly) ® (15¢5)] v =10,  (C.14)

where the n? xn® matrices (bo;bf;) ®(1;¢;) and (bo;bf;) @ (it;) are positive semi-definite (their
only nonzero eigenvalues are given by bj,by; and bj;bo;, respectively), implying v'[(bo;bp;) ®
(¢je5)]v > 0 and v'[(bo;bp;) @ (vitg)]v >0 (i >4, 4,5 =1,...,n).

By Assumption 2(iv) at most one component of &, has zero excess kurtosis, while the
excess kurtosis of each of the remaining n—1 components has the same sign (i.e., these n—1
shocks are all either leptokurtic or platykurtic). Suppose first E(e},)—3 is positive (negative)
foralli =1,...,n. Then, by the results v'[(bo;by;) @ (¢5¢;)]v > 0 and v'[(bo;bp,;) @ (tst)]v > 0
obtained above together with (boibg;) ® (¢5¢5) = (boi @ 1;)(bf; @ ), it follows from (C.14)
that v'(by; ® ¢;) = 0 and v'(by; ® 1;) =0 (¢ > 5, 4,7 =1,...,n). Using v'(by; ® ¢;) = 0, we
hence obtain

V' (bop @ 1) =0, forall k,l=1,... n, (C.15)

a system of n? linear equations of the form Cv = 0, where the n? x n? matrix C is obtained
by stacking bf, ® ¢; for k,l =1,...,n. By the linear independence of by;s, C' is of full rank,
and hence, by the invertible matrix theorem, C'v = 0 has only the trivial solution v = 0.

Suppose next that E(e}) —3 = 0 for some i (0 < ¢ < n). Then, by the preceding
discussion, (C.14) yields

V(b @ ;) =0. forall k,l=1,...,n, k=#1. (C.16)
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Because permuting the rows of a matrix does not change its rank and because (C.16]) must
hold for any permutation of the rows of ;, we may set ¢ = n without loss of generality. By
the assumption in Definition [I(b) that v is in the null space of M (6y), it follows from (C.I)

and (C.2)) that
V' (bop @ 1) = 0, (C.17)

and

U/[(b0n®Lj)+(b0j®Ln)] :0, j = 1,...,72,— 1 (Clg)

respectively. Combining (C.I6)-(C.I8), we have a system of n? linear equations of the
form Dv = 0, where the n? x n? matrix D is obtained by stacking (b, ® ¢]) for k,l =
L...,n, k< mn, (b, ®,), and [(by, @ ) + (by; @ ;)] for j = 1,...,n — 1. By some

row-addition transformations, D can be transformed into C, and hence it is of full rank.

Thus, by the invertible matrix theorem, Dv = 0 has only the trivial solution v = 0.
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Appendix D Proof of Proposition 3

We consider 6 = vec(A) that is more convenient to work with than ¥ = vec(B). Recall that
A = PB7! where P is a signed (n x n) permutation matrix. The necessary condition for
first-order local identification of B is that the expectation of the Jacobian matrix E[Jr(6p)],
evaluated at 6, the true value of 6, has full column rank k. Thus, we need to show that
rank(E [0 f (ug, 09)/00']) = k for 6, the row vector of k = n? parameters to be estimated,
and f (u,6p), the vector of population moment conditions, consisting of (16)—(18) and
n(n — 1)/2 asymmetric co-kurtosis conditions of the form E(e}e;;) = 0 (i # j). Because
the row rank equals the column rank, it suffices to show that k = n? rows of M(6y) =
E[0f(ut,0p)/00"] are linearly independent. The (n? 4+ n(n — 1)/2) x n? matrix M(f) is
obtained by stacking the n components of the form (D.I), the n(n — 1)/2 components of
the form (D.2), n(n — 1)/2 components of the form (D.3), and n(n — 1)/2 components of

the form (D.4):

8622t / / .
B 00’ :2(b0i®bi)> 1=1,...,n, (D.1)
=0,
aeitejt / / / / . .
N T = (b ® 45) + (b, @ 13), i > 5, (D.2)
0=t
0e?,e?
5 ] = 2(by, @ 1)+ 2(by; ® 1), P>, (D.3)
0=0o
ae'?tejt 4 / / / / . .
E BYg = E(e5) (by; ® 1) + 3(bo; ® 1), i # ], (D.4)
=0

where 7,7 € {1,...,n}, ¢; is the ith column of the n x n identity matrix, and by; is the ith

column of By, the true value of B, (the expressions (D)) (D.3) are taken from (CI])—(C3))

in [Appendix C] and expression (D.4)) is derived in the same manner as (CI)—(C3]).
Any of the rows given by (D.3)) is obtained as a sum of two rows given by (D.1)) (see the

discussion[Appendix CJ), and hence, only n of the rows corresponding to (D.I]) and (D.3) are
linearly independent. Also the n+mn(n—1)/2 rows of the form (D.]) and (D.2)) are readily

seen to be linearly independent. Furthermore, they are also linearly independent of the

n(n—1)/2 rows of the form (D.4)), provided at most one of the components of ¢; is Gaussian
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(has zero excess kurtosis) and suitable asymmetric co-curtosis conditions are selected. To
see this, suppose first that all n components of €, have positive excess kurtosis. In this case,
generally F(g},) # 3 for all 4, and it is not possible to express any of the n(n —1)/2 rows of
the form (D.4]) as a linear combination of the n+mn(n—1)/2 rows given by (D.I]) and (D.2)),
and because we thus have n+mn(n—1)/2+n(n —1)/2 = n? = k linearly independent rows
in the Jacobian matrix M (6y), it is of full column rank. In contrast, if the ith component
of €; is Gaussian, so that E(e},) = 3, one of the rows given by (D.4) may equal 3 times one
of the rows given by (D.2)). Then the Jacobian matrix is of reduced column rank. However,
by inspecting (D.4)), it is easy to see that if the asymmetric co-kurtosis conditions do not
involve the third power of the element of ¢, that has zero excess kurtosis, the rows given by

(D.2) and ([D.4) are linearly independent, and the Jacobian matrix is of full column rank.
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Appendix E Asymptotic distribution of the two-stage
estimator

In this appendix, we derive the asymptotic distribution of the two-stage estimator of the
parameters of the SVAR model, consisting of the OLS estimator 7 of 7 = vec(v, Ay, ..., A4,)
and the GMM estimator 9 of ) = vec(B) based on the OLS residuals u;. The derivation is
straightforward, with the most essential parts following Subsection 5.2 of the Supplemen-
tary Appendix to Gouriéroux et al. (2020).

Let us first write TY2(7 — my) as

T -1 T
TY? (7 — ) = (T—l > Zt_th’_1> ®L, | 772> vec(wZ{y),  (E1)
t=1 t=1

where Z; = (1,¥;, .., Y;_p11)’, o is the true value of 7, and it is assumed that the proba-
bility limit F of Fp = T1 Zle Zy17Z,_, exists and is nonsingular. The above expression
can be found in Liitkepohl (2005 Chapter 3.2).

The GMM estimator of 9 given the OLS estimator 7 is given by

T T
§ = arg min % S Fu(), ﬁ)’WT% S Fu(), ) (.2)
t=1 t=1

with the positive semi-definite (¢ x ¢) matrix Wy (potentially dependent on the data)
converging to a positive definite weighting matrix W. The two-stage GMM estimator in
(E.2) is consistent and asymptotically normal under standard regularity conditions. Tt
is important to realize, however, that its asymptotic covariance matrix depends on the
OLS estimation error. It follows that the optimal weighting matrix also depends on the
estimation error.

To derive the asymptotic covariance matrix and the optimal weighting matrix, we begin

with the first order conditions for (E.2)):

T T 3
1 s Lo O (w(#),0)
Zf ), D) WTTZ =0, (E.3)
t:l t=1
We simplify the presentation by deﬁning gr(mJ) = _12321 flu(m), ), Gr(m; ) =
Ty 8’[13# and Gr(d;7) =T S, % The mean value theorem implies
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that

gr(7,0) = gr(#,90) + Gr (9,9, chy 7) (0 — 9y), (E4)

and

gT(ﬁ'> ?90) = 9T(7T0> ?90) + GT(7AT, 70, C?p% ﬁo)(ﬁ - 7To), (E5)

where 9, is the true value of ¥, and the ith row of the (¢ x n2) matrix Gp(J,9, ck; 7) is
the corresponding row of G (0®;#) with 9@ = ¢k Wy + (1 — ¢k,)d for some 0 < ¢}, < 1
(see Hall (2005, Chapter 3.4.2)). Similaryly, the ith row of the (¢ x n(np + 1)) matrix
Gr(#,m, ¢%; ) is the corresponding row of Gp(7;9) with 7 = & mo + (1 — &,,)7 for
some 0 < ¢f; < 1. Here ¢p = (¢py, ..., ¢p,) and ¢ = (¢, ..., ¢F,).

Substituting (E5) into (EZ), premultiplying the resulting equation by Gy (J; %)W,
and using (E.3]), we obtain

T2 — 1y) = —[Gr(0; 7)Y WrGr (0, Vg, cby 7))

X GT(’é; ﬁ)/WT[Tl/z‘gT(’No, ’190) + GT(7AT, 7o, C%; ’190)T1/2(’ﬁ' — 71'0)]. (E6)

Based on the arguments in Hall (2005, Chapter 3.4.2), both Gy (J; %) and Gy (9,9, ch; 7)

converge in probability to Gy = E [W]. Similarly, Gr (7, m, c¢%; J9) converges in

probability to G, = F [W]. Hence, (E.6) together with (EJ]) implies that for

™

T — oo,

1 T N F'eI, 0 T2 vee(uw 7)) e
0 -9 I g (FP @ L) —I GW || T2 fuy, o)

where lyy = GyWGy, Iy, = GZWG, and F = E (Zt_lZé_l).

As shown in Liitkepohl (2005, Chapter 3.2.2) and Hall (2005, Chapter 3.4.2), respec-
tively, the zero mean vectors 7! Zle vec(u; Z]_,) and T1 Zle f(ug, ¥p) in the latter
matrix are asymptotically normally distributed under standard assumptions. Thus, based

on the properties of the multivariate normal distribution, we obtain

1/2 Zle vec(u Z;_;)
23:1 f(ut7 19)

14
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with

T Zthl vec(ueZy_y)
T Zzzl f (ug, ¥o)

the long-run covariance matrix of all moment conditions. Combining (EX) and (E.g]), we

have (see, e.g., Hall (2005, Lemma 1.4))

H = lim Var |TY? (E.9)
T—o00

~

TV | <4 N(0,9), (E.10)
-0
where
F'®I, 0 FU'elI, —(FVYeIL)I I}
Q- H ( Mjrlsy (E.11)
— Iy Ly (FY® 1) —I GW 0 ~W'Gyly,
Hence, according to (E.IQ) above
TV2(0 — 9) % N(0, Qgg), (E.12)
where
/
Qo = | Ton(F @ 1) L GyW | H M o (F @ 1) 150Gy |
=Ly GHWG(F @ 1,) WIHWG(F @l,) WGyl
= I,y GyWHW'Gyl,,
= [GLW Gy GyW HoW' GGy W Gy ™! (E.13)
with
Hy=[G.(F'®1,) LJHG.(F'®I,) I (E.14)

The optimal weighting matrix is obtained by setting W = Hy' (see Gouriéroux et al.
(2020)), and, in this case, (E.I3) reduces to

Qoo = [GyHy ' Gy] . (E.15)

Finally, a consistent estimator of Q, Qy, is obtained by replacing Gy and G by their
consistent estimators Gp(0;7) = T~ Y1, % and Gp(7;0) = T3 M,
respectively, and H is estimated consistently under quite general conditions discussed in
Hall (2005 Chapter 3.5) by a member of the class of HAC covariance matrix estimators, in-
cluding the Newey-West estimator. Also, F' needs to be replaced by its consistent estimator

Fr=T"" Zthl Zy1Zy_y.
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Appendix F Derivation of equations ((A.2) and (A.3)

We begin with (A2)), and then derive (A3]). Using e, = Qe; in ([A]), condition (18) can

be written as

B(e2e?) — 1= E[(Quen + -+ + Qunen)*(Qjiere + -+ + Qjuent)’] —1=0.  (F.1)

By straightforward manipulation of the squared quantities (Q;i1€14+- - -+ Qinent)*, We obtain
> Q> SDICEES DD SR
k=1 =1 m=1,....,n;m=#l

Using this result, by Assumption 1(4i) that the components of the error term &, have no

excess co-kurtosis, we have that

() ()

<Zn: Z QilQ’imEltgmt> (i Z leQjmﬂt&nt)] . (FB)

=1 m=1,...n;m#l =1 m=1,...n;m#l

E( zte

+E

Again, from Assumption 2(ii), by adding and subtracting > ;_, kaQik, the first term on
the right hand side of (E.3) yields

(Z zkgkt> (Z Q;k%t)] = Qb ?kE(gét) - Q%

k=1 k=1 k=1

+ (Z %) (%)

= Bk Z Q@5 + 1, (F.4)

k=1

3

E

where in the last equality we use the orthogonality of @ (3 ;_, Q% = 1).
We now turn to the latter term on the right hand side of (F23)), which we denote by K:

(Z 2 Q“Q"mflt’fmt) (Z > leczjmeltemt”.

=1 m=1,...n;m#l =1 m=1,....n;m#l

Assumptions 1(i2)-(44) imply that E(eyejepen) =1 wheni =k, j=1#k (ori=1j =
k#1lori=j+#k=1)and zero otherwise (excluding the case i = j = k = [). Therefore,
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we find that

K =2 Z Z QiuQimQjQjm

=1 m=1,....n;m##l

=2 Z Z Qle]lemQjm -2 Z Q?kQ

=1 m=1
=2 (Z sz@jm) -2 Z Q?k ?k
k=1
= —2ZQ?1@QW (F.5)

where the last equality holds due to the orthogonality of @ (>°" | QimQjm = 0).

Combining the above results, condition (18) can be expressed as

B(efed) — 1= Z Q3.Q3.E(eh,) — 3 Z Q%.Q%

= Z Q%.Q% (E(el) —3) =0, (F.6)
which is Equation (A22)) in

We now derive ([A.3]). Based on e = Qe (A, the asymmetric co-kurtosis conditions

can be written as

E(e‘?tejt) = Fl(Quen+---+ Qingnt)3(Qj151t + -+ Qjnent)]

(Z Qik&mﬁ) (Z Qik&ct) <Z ijé?kt)
=0. (F7)

Straightforward computations yield

(Z Qik&mﬁ) (Z ijé?kt> Z QirQjrern; + Z Z Qi QjmEEme- (F.8)
k=1 k=1

=1 m=1,...,n;m#l

Multiplying the above equation by (E.2)) and taking expectations result in

[(Ee) (00

(Z Z Qz’l@imaemt> (Zn: Z Q,-lemgltgmt>] (F.9)

=1 m=1,...,n;m#l =1 m=1,...,n;m#l

E( zteﬁ =
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by Assumption 2(#:) that the components of the error term e; have no excess co-kurtosis.

For the same reason, the first term on the right hand side of (E.9)) yields
(Z Qm&m) (Z QiijkEit>] Z Q?kQJkE (ke Z sz@]k
k=1
- Z Z Q3 QimQjm

=1 m=1

n

= Z szQﬂcE Eht) Z szij

+ <Z Q?k) <Z @ik@jk>

Z@m@]w (k) Z@m@]k, (F.10)

where in the first equality we add and subtract the term Y ,_, Q}.Qjx, and in the last
equality we use the orthogonality of Q).
We denote by M the last term on right hand side of (E.9):

5 % 00en)(E T aoe)|

=1 m=1,....n;m#l =1 m=1,....n;m#l

Now, recall that Assumptions 1(i¢)—(éii) imply that E(eyeenen) = Lwheni =k, j =1#k
(ori=1,j=k#lori=j+#k=1)and zero otherwise (excluding the case i = j =k =[).
Therefore, by straightforward calculations, from the last term on right hand side of ([E.9]),
we find that

M =2 Z Z QilQiinlem

=1 m=1,...,n;m#l

=2 Z Z Q sz@]m 2 Z szQ]k

=1 m=1
=2 (Z Q?k) (Z Qiijk) -2 Z Q?ijk
k=1 k=1 k=1
S Yo X (F.11)
k=1

where in the last equality we use the orthogonality of Q).
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Putting (E.9)—-(E.11l) together, we obtain

6 e] ZszQ]kE Ekt - BZszQ]k

= Z QaQjr(E(er,) —3) =0, (F.12)

which is Equation (A.3]) in [Appendix A}
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Appendix G Derivation of equations (C.1))—(C.3)) and
(C.6)—(C.8)

We first calculate the first-order derivatives of the functions €7, e;eji, and efje?, in (16)-
(18) with respect to § = vec(A), and then their second-order derivatives. After computing
the second-order derivatives, we evaluate them at the true parameter value 0y, and take
expectations using the fact that at the true parameter value u; = Bye; and e; = &;. Several
results from Seber (2008) are frequently used below; for brevity, result 17.30(h), say, is
referred to as S 17.30(h).

We start by defining e;; = ;Au; = (u; @ ¢})vec(A) with ¢; the ith unit vector. Straight-
forward differentiation based on S 17.20(a) yields

Oeiy
a0

} =2eu(uy @), 1=1,...,n. (G.1)

While applying S 17.30(h) to the scalar functions and then using S 17.20(a) yield

aeitejt
00

:| :ejt(ut®bi)+€it(ut®bj), 7 >j, Z,] = 1,...,n. (GQ)

Using the same two results from Seber (2008), we obtain

2 2
{Oeitejt

50 } = 2¢5,e0 (U ® 1)) + 2eie(u ® ). 0>, i, 5=1,...,n (G.3)

The expressions (C.I)-(C.3) in are obtained by evaluating (G.I)-(G.3)) at the

true parameter value 6y, substituting u;, = Bye; and e; = ¢; into the resulting equations,
taking expectations of both sides of these equations using Assumption 2(7) that the com-
ponents of the error term ¢; are orthogonal and have no excess co-kurtosis, and transposing.

Based on (G.I)-(G.3]), let us next derive the second-second order derivatives. By direct
computation using S 17.20(a), we obtain from (G.II)

oe?,
0000’

} = 2(uy ® 1) (uy ® 1f)

= 2(upu;, @ 1i1y), i=1,...,n, (G.4)
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where the latter equality follows from S 11.11(a). In the same manner, from (G.2]) we have

Oeire gt
0000’

] = (ur ® 1) (uy ® 1) + (ur @ 15) (v @ 1)

= (wuy @ 130y) + (upuy @ v5t;)

= (ueuy) @ (it +1j15), 1> J, 4,5 =1,...,n (G.5)
where the last two equalities are obtained using S 11.11(a) and 11.10(b), respectively.

Applying S 17.30(h) to the scalar functions €3,e;; and eZ,ej;, and then using S 17.20(a),

we obtain

9] _ oy @ 1) (2, (1) @ 1)) + 2eqese () 1))
8‘98‘9, g\ 1 J t 7
+2(w ® ¢5) [2eneu(uy @ 1) + €5 (uy @ 1)
= 2%, (upuy ® 1i0)) + 2€5 (upuy @ 150)

+degej(uuy) @ (1t +e), >34, 4,5=1,...,n (G.6)

where the latter equality follows from S 11.11(a) and 11.10(b).
Evaluating (G4) and (GI) at the true parameter value 6, substituting u; = Bye;

and e; = g; into the resulting equations, and taking expectations, we obtain expressions

[CB) (D) in [Kppendi=

Oci = 2(BoE(ge}) By ® 1))
000" | ,_, ~ 0TS
=2(ByBy) @ (i) i=1,...,n, (G.7)
g%t (BB B ® (il + i)
D00 |y, 0TI G T

= (BoBy) ® (1t + t505), 1>, 4,5,k 1=1,...,n, (G.8)

where the latter equalities hold due to Assumption 2(ii)—(iii): E(ee}) = I,. Similarly,

evaluating (G.6) at 6y, substituting u; = By, and e; = &, into the resulting equation, and
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taking expectations, we obtain expression (C.8) in [Appendix C}

dezes,
0000’

} = 2BoB[E3 (e By ® utf) + 2 BoBleL e By ® 15)
0=0q

+ 4(BoEleneji(eier)| By) @ (Lt 4 15t7)
= 2(Bo=;By) @ (titg) + 2(BoZiBy) @ (15¢5)
+4(BoYi;By) ® (it + tje5), > g, 1,5 =1,...,n, (G.9)

where Z; = EleZ(g.e})], and T, ; = Fleueji(eie))).
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